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Figure 1: BISTRO EXTERIOR rendered with ReSTIR and our method. Camera movement from left to right reveals a region behind the
window bar with no pixel correspondences in the prior frame. Lacking temporal reuse, this disocclusion region contains heavy noise, which
tone mapping turns into darkness. Standard ReSTIR recovers slowly due to picking input pixels for spatial reuse completely at random, often
attempting reuse from reservoirs without a contributing path. Our novel stochastic pairwise MIS allows focusing reuse to reservoirs with
contributing samples, significantly increasing the efficiency of spatial reuse.

Abstract

Spatiotemporal resampling methods such as ReSTIR decrease noise in Monte Carlo rendering of dynamic content by reusing
paths across frames and pixels. Standard ReSTIR reuses spatially from a small number of randomly selected neighbors. This
reuse suffers when few neighbors contain contributing samples, reducing quality toward that of the underlying path sampler.
This commonly occurs during camera or object motion, as regions not present in prior frames are revealed. Increasing the
number of spatial neighbors helps but also increases cost. We propose a novel spatial neighbor selection technique, stochastic
pairwise MIS, which enables unbiased reuse from many neighbors in real time and focuses reuse on pixels with contributing
samples. This provides a significant increase in image quality overall, especially in regions with poor input samples.

CCS Concepts
» Computing methodologies — Ray tracing;

Keywords: Global Illumination, Resampling, Multiple Importance Sampling

© 2026 The Author(s). Computer Graphics Forum published by Eurographics - The European Asso-
ciation for Computer Graphics and John Wiley & Sons Ltd.

This is an open access article under the terms of the Creative Commons Attribution License, which
permits use, distribution and reproduction in any medium, provided the original work is properly
cited.


https://orcid.org/0009-0001-3168-1705
https://orcid.org/0000-0002-5206-9603
https://orcid.org/0000-0002-5139-6418
https://orcid.org/0000-0002-5133-4292
https://orcid.org/0000-0001-5443-470X
https://developer.nvidia.com/orca/amazon-lumberyard-bistro/

20f12 T. Hedstrom et al. / Stochastic Pairwise MIS for Unbiased Large-Kernel Reuse in Real-Time

1. Introduction

Rendering algorithms often spatially reuse light paths across pixels
to improve the sampling efficiency [BSHO2]. ReSTIR (Reservoir-
based Spatio-Temporal Importance Resampling) amortizes path
sampling over space and time by reusing paths between pixels in
the current (spatial reuse) and previous (temporal reuse) animation
frames. ReSTIR methods first generate per-pixel samples using a
standard sampling algorithm, e.g., path tracing. Then, resampling
is applied to each pixel to randomly select from samples found by
other pixels in the first step. Since reusing samples from other pix-
els is generally much cheaper than generating new ones, ReSTIR
significantly improves sampling efficiency.

Spatial reuse is a fundamental component of the ReSTIR
method [WKL 23]. Existing methods that employ spatial reuse are
effective, especially when combined with temporal reuse. However,
when the rendering lacks temporal coherency, e.g., due to disocclu-
sion, methods like ReSTIR suffer from increased noise (Figure 1).

In this paper, we propose a spatial reuse solution for real-time
ReSTIR that significantly improves the sampling efficiency, espe-
cially under camera or scene motion. We observe that spatial reuse
is ineffective when the samples are sparsely populated in the im-
age. Hence, we can potentially significantly improve the efficiency
of spatial reuse by reusing from a large neighborhood. Naively gen-
eralizing spatial reuse to a large neighborhood, however, would not
improve efficiency, as the evaluation cost increases significantly. In-
stead, we propose a stochastic spatial reuse scheme that unbiasedly
selects from the neighbor samples with high contributions.

We propose a novel stochastic resampling multiple importance
sampling (MIS) weight on top of the generalized resampled impor-
tance sampling (GRIS) method [LKB 22] to enable large-scale and
unbiased spatial reuse. We show that applying our method to Lin et
al.’s pairwise MIS weight leads to a computationally efficient esti-
mator that frees us from needing to evaluate all the neighbors for
each pixel. We further propose an efficient GPU implementation of
our method to efficiently select neighbors.

In summary, our technical contributions are:

e A mathematical theory for efficient unbiased sample reuse
from a large number of pixels with stochastic resampling MIS
weights.

e A stochastic formulation of pairwise resampling MIS.

o A method of efficient spatial reuse of only initial candidates con-
tributing to other pixels.

e A method to efficiently spatially reuse from many pixels.

e An efficient GPU implementation of our stochastic pairwise MIS
estimator.

1.1. Related Work

Our work follows the line of light transport simulation re-
search to reuse light paths across pixels in an unbiased man-
ner. One of the earliest examples [BSHO2] connects paths gen-
erated by one pixel to a vertex of paths generated by other pix-
els, and combines the contributions using multiple importance
sampling [VGYS5]. Similar ideas show up in virtual point light

Table 1: Summary of notation.

[P]  Iverson bracket; 1 if P is true, 0 otherwise

X; Input sample i

Wx  Unbiased Contribution Weight (UCW) for a sample X
T; Shift mapping from domain i to the target domain

Y; X; shifted into target domain; 7;(X;)

M Total number of reuse candidates

N Number of reuse candidates to evaluate

S Set of N random candidate indices

m;  Standard deterministic resampling MIS weights

m;  Our stochastic resampling MIS weights

rendering [Kel97, SIMP06, DKH 10] and bidirectional path trac-
ing [PRDD15,NID20, SLW22].

ReSTIR [BWP 20, WKL 23, OLK 21] is a recent class of
Monte Carlo light transport simulation estimators that combines
the idea of path reusing with resampled importance sampling
(RIS) [TCEO5]. The idea is to store one path in each pixel,
and progressively improve its distribution by borrowing sam-
ples from spatiotemporal neighbor pixels by RIS, which re-
turns one of the candidates with probabilities chosen to yield
an improved distribution. The original ReSTIR only applied
to direct light sampling. For general path tracing, it was nec-
essary to generalize resampled importance sampling to han-
dle samples coming from different domains [LKB 22]. Sig-
nificant progress has been made to further generalize ReSTIR
to handle final gathering [KLR 23, KBG24], bidirectional sam-
pling [HKL 25], distributed effects [ZLK 24], reducing correla-
tion artifacts [SLK 22], subsurface scattering [WSD24], and dif-
ferentiable rendering [CSN 23, WWWZ23].

Our work is grounded on generalized resampled importance
sampling, and we significantly improve the reuse efficiency over
a large set of neighbors by unbiasedly estimating the multiple im-
portance sampling weight. Our derivation shares some similarities
to the recent continuous and marginal multiple importance sam-
pling work [WGGH20, WGH22], and our idea of reusing over a
large neighbor shares similarities to the recent image-space splat-
ting work [TH24] which only allows splatting to the color buffer.
We apply the idea of stochastic weight estimation in the context
of resampling, hence it allows us to design more efficient unbiased
estimators using weights that are specialized to resampling and run
in real-time.

2. Background

We briefly review the generalized resampled importance sam-
pling [LKB 22] in this section, and we refer the readers to standard
textbooks [PJH16] and the ReSTIR tutorial [WKL 23] for a more
comprehensive introduction to light transport simulation. Table 1
summarizes our notation.

2.1. Monte Carlo Integration

R
Monte Carlo integration estimates an integral  f(x)dx by evalu-
ating f(X)=p(X) for a random variable X with probability density
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p(X), where the support of X is assumed to cover f. The expected
value yields the desired integral:
z
/N — par ()
p(X) supp X
A key component in Monte Carlo integration is importance sam-
pling, i.e., drawing samples X according to some desired probabil-
ity distribution p, where p should be close to the integrand f in its
shape to decrease sampling noise.

2.2. Resampled Importance Sampling

Resampled Importance Sampling (RIS) [Tal05] is a resampling-
based importance sampling method that, given candidate samples
with known distributions, picks one proportionally to carefully cho-
sen resampling weights. This outputs samples distributed approxi-
mately according to an unnormalized target distribution p.

Given M candidates X; ~ p;, where p; are easy to sample from
but not necessarily good matches for the integrand f, a single sam-
ple Y = X; is selected, where z ~ w&™ is sampled according to

resampling weights
WIS = pXi) .
pi(Xi)
As the candidate count M grows, the distribution of the output sam-
ple tends towards the normalized target function || p||.

@

RIS can be efficiently implemented in a streaming manner by
weighted reservoir sampling (WRS) [Cha82].

2.3. Generalized RIS

Generalized RIS (GRIS) [LKB 22] extends RIS to allow input
samples from arbitrary domains (e.g., other pixels), using shift
mappings to move samples between domains. Resampling MIS
weights account for overlap between domains.

2.3.1. Unbiased Contribution Weights

Resampling with RIS does not produce closed-form PDFs, so
Equation 1 cannot be used for integration. In GRIS, the reciprocal
probability density of X is replaced with an Unbiased Contribution
Weight (UCW) Wy. By definition, a UCW Wy implements

h i Z

E f)Wx = f(x)dx (©)
supp X
for any integrable function f. Equivalently, Wy is an unbiased esti-
mate for X’s reciprocal PDF,
h i
1
EWy|X=x = : 4)
px (x)

When producing X with a PDF p, Wy = 1=p(X) is a valid UCW.

2.3.2. Shift mappings

Shift mappings 7; : W; — W bijectively map samples from their
source domains i to the target domain. Bijectivity and Jacobian de-

terminants ¢ are required as shift mappings are used as a change

of variables between pixel integrals. Shift mappings can fail; T;
need not be defined for all x € W;, so T; are technically partial bi-
Jjections.
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2.3.3. Canonical samples

An input i is “canonical” if its shift map 7; to the target domain is
identity and its sample X; alone covers the target function p. It is
common to have exactly one canonical input per reuse, with index
often denoted as c.

2.3.4. Resampling with GRIS

GRIS assumes M sample-UCW pairs (X;; Wy,) where samples are
from arbitrary domains X; € W;. Each sample is first shifted into the
target domain as

Y = Ti(Xy): ®

A single index z is then randomly selected according to resampling
weights
— . 17;
wi = [X; € D(T)]mi(Y;) - p(Yi) - Wy, - ok (0)
1
with the Iverson bracket evaluating to 1 if 7;(X;) is defined and 0O
otherwise, and m; is a resampling MIS weight. Index z is randomly
selected with probability P(z) = w;= 1}/1:1 wj. The resampling re-
sultis ¥ = Y, which is given a UCW
1 M
p(Y) j=1 !

The sample-UCW pair (Y; Wy ) can be stored for further reuse, or di-
rectly used to estimate the integral of f as f(Y)Wy following Equa-
tion 3.

Wy @)

2.4. Resampling MIS

After shifting, distributions of multiple samples can overlap in the
target domain, resulting in overcounting or undercounting of the
shifted samples. To account for this, samples are weighted by re-
sampling MIS (Multiple Importance Sampling) weights m;, which
form a partition of unity

M
mi(y) = 1; ®)
i=1
for all y € supp p, where m;(y) = 0 if y could not have been pro-
duced from domain i via T;.

2.4.1. Resampling MIS Families

While any choice of m; satistying Equation 8 works, in practice
special care must be taken to control variance. A straightforward
choice for m; is the generalized balance heuristic [LKB 22], which
extends the balance heuristic used in Talbot’s RIS [Tal05] to multi-
domain reuse using Jacobian-corrected target functions p as proxy
PDFs, and confidence weights ¢; as

cip_i(y)

M . A '
=1€6jP (6))
where the symbol p ;, referred to as “p from i”, is the Jacobian-

corrected target distribution from domain i, defined as

mi(y) = ©9)

17 !
T

p i0)=IveTisupp X)Ipi T; ' () (10)
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2.5. Con dence weights

The g ; quantities are weighted byon dence weights;c Con -

dence weights only affect variance, not bias, and typically estimate
how many path tracing samples would be needed for the same vari-

ance, i.e., theffective sample count

Measuring effective sample count in real-time is hard, so con-
dence weightsc; are usually set to the total number of initial
samples affecting via GRIS, i.e., the sum of con dence weights
over the inputs used for producing. This grossly overestimates
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pixel's temporal resampling result with samples from other, ran-
domly picked pixels, using GRIS. Finally, the result of spatial re-
sampling is stored for the next frame and evaluated(29Wx to
estimate the pixel integral.

3. Stochastic Resampling MIS Weights

Standard GRIS reuses from 8l candidate domains, which is in-
ef cient when many reservoirs have no contributing samples. We
choose only candidates with non-zero contribution in their source

the effective sample count, both because it double-counts repeaty,ye|. This requires care, as naively choosing input pixels based on
edly reused samples, and because reuse between pixels typicallyheir samples leads to bias. Instead, we mathematically reuse from
causes some quality loss due to differences between the pixels' pathy large numbeM of pixels, but optimize the reuse o< M by

spaces. Hence; is normally capped to a user parameter catlea-
dence cap Without con dence capping, ReSTIR tends to diverge
due to correlation artifacts. We refer to [LKB2, Section 9] for
further discussion on con dence capping.

2.6. Reservoir De nition

A reservoirrefers to the tupléX;;W;; ¢;) de ning how the sample

X; is processed in GRIS. A practical implementation might also
cache expensive computation lik€X;) or quantities speeding up
shift mapping.

2.7. Pairwise MIS

The generalized balance heuristic (Equation 9) fiddroandidates
requiresO(Mz) evaluations ofp” j, which quickly becomes in-
tractable ad/ increases. A faster alternative is the generalized pair-
wise MIS [LKB 22] which only require®O(M) evaluations while
offering similar convergence behavior [Bit21].

The generalized pairwise MIS pairs each non-canonical domain

i 6 cwith the canonical domaionand evaluates the balance heuris-

tic between these pairs. The defensive variant (Equation 7.8 in

[WKL 23])is:
vy S ab i) .
O™ e o oreny (09 @
- S chly)
T et 8 are op mrasy

wherecy is the sum of non-canonical con dence weights,

M
-— ol -
= a &
kéc

(12)

For further explanation of pairwise MIS, we refer to [WK23,
Section 7.1.3].

2.8. ReSTIR

The above techniques form the core of ReSTIR [LKR]. In
initial sampling each pixel samples one or moirtial candi-
dates often with standard path tracing. The initial candidates are
mergedinto theinitial samplewith RIS. Intemporal reusgthe ini-

tial sample of each pixel is merged with the one from the corre-
sponding prior-frame pixel with GRISSpatial reusanerges each

culling non-contributing samples and reusing stochastically from
the rest. This guarantees proper MIS weights and unbiased reuse.

We implement the stochastic reuse by replacing the resampling
MIS weightsm; in Equation 6 withstochastic resampling MIS
weightsify, which unbiasedly estimate their deterministic counter-
parts. We prove unbiasedness in Appendix A. In this section, we
rst propose a general stochastic estimator that is unbiased, and
then in Section 4 we specialize to pairwise MIS (Equation 11) for
ef ciency. Finally, in Section 5, we discuss our ef cient implemen-
tation inside a GPU-based renderer.

stochastian; using new random numbeFsas
h i
E m(Yi;2) ] X;W = mi(Y); 13)
whereY; = T;(X) are the shifted input samples, following Equa-
tion 5. We then replace the determinigticin Equation 6 with our
stochastiay, yielding stochastic resampling weights
1T

%
which simply replace the non-stochasticin Equation 7.

Wi = [X 2D (T M(Ti(X):2) A(Ti(X)) W (14)

3.1. General Stochastic Resampling MIS Estimator

Our general form of the stochastic MIS weight réusesN out of

the M candidates by replacing the full sum of MIS weigltsn;
with an N-sample importance sampling estimator with selection
probabilitiesP(i).

selection probability(i) for reuse. We sample g multisetlﬁ{pix-
els with replacementThe outcome is a s&=
unique pixelsj§  N), with multiplicities K (i) tracking how of-
ten each pixel was chosen. Our stochastic resampling MIS weight
forYi = Ti(X) is

K i)
NP(i)
wherem; is any non-stochastic resampling MIS heuristic (e.g.,

Equation 9 or 11). We allow? to depend on the input samples and
UCWs, as the expectation in Equation 13 is conditioned on them.

mi(Yi;2) = mi(Y0); (15)
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If P(i) = 0, alsoK (i) = 0 and we de neni(Y;;Z) = 0. For the poor initial candidates than prior methods that must ignore the sam-
result to remain unbiased, we requiRré) to be positive wherever ples when selecting candidates.
m(Y;) is positive. We prove Equation 15 satis es Equation 13 in
Appendix B.

The multiplicity in Kg(i) in Equation 15 ensures that instead of 4.2. Stochastic Canonical Pairwise MIS

M, at mostN candidates need to be processed. By carefully choos- To build a stochastic pairwise MIS estimator for the canonical case
ing s.electlon probabilitie®, we achieve a hlg.h-.quallty result at a  (Equation 11b), we sample a different sef\efpixels with proba-
fraction of the cost. We SpeCIfy the MIS heuristic and the selection bilities PC('): agan‘w\"th replacen'@nﬂ'his produces another set of

probability in the next section. unique pixelsP= ;1S with multiplicities K (). We

then set
4. Stochastic Pairwise MIS . K 5(0)
~pW _ o} S

While Equation 15 can be used to estimate arbitrary resampling ffe"(Ye) = Cot+ * ,a_ NcPs(i

. . .. S Ce 2o 'NC C()
MIS weights, the choice of the MIS heuristig greatly affects
performance. Using a stochastic version of the balance heuristicwhere
(Equation 9) decreases the number of shifts required for each im- R
age pixel fromO(M2) to O(N M), which is still prohibitive for bi(Ye)= - _ GeP(Ye) (19)
large M. Instead, we choose to focus on the pairwise MIS vari- CgtCe cgp i(Ye)+ ceP(Ye)
ants (Equation 11) as we can reduce their cost @) to O(N) ) ) -
shifts, with quality often comparable to the balance heuristic. With The result if unbiased iP(i) > 0 whenever; > 0. It would be
N M, this allows cheap reuse from a large number of pixels. natural to usé(i) / ¢, butwe ndP:(i) = Vi adequate. Figure 6

Pairwise MIS weights have different formulas for canonical and Shows that lowering noise of¢” has little effect.
non-canonical cases, and require different estimators. We estimate
non-canonical MIS weights Equation 11a with our stochastic re-
sampling MIS estimator Equation 15. We separately estimate the 4.3. Non-Canonical Con dence Adjustment
canonical weight Equation 11b by replacing the sunm§t with
a standard\c-sample estimator. The total number of paths to be
shifted per-pixel is theiN + Ne.

bi(Ye); (18)

The fractions in Equation 11 use the sum of non-canonical con -
dence weightgg to weight the non-canonica values in the de-

nominator. Thus, wheM is large, so ix., and the weight of the
canonical sample becomes low, even if theelected samples turn

out to be poor. This causes variance from stochastic MIS to mani-
We use Equation 15 directly with Equation 11a for non-canonical fest as dark pepper noise, where the canonical sample is given too

4.1. Stochastic Non-Canonical Pairwise MIS

candidates6 c, i.e., | low a weight (Figure 2a).
7P = Ki) Cs Gp i(y) . (16) _ To help explain this, we analyze a hypothetical situation where
N = 1 and a neighbor containing a zero-contribution sample (af-

NP(i) cg+cc cgP i(Y)+ ccf(y)”

ter being shifted to the target domain) is unluckily chosen by our

The performance of this estimator largely depends on the choice stochastic MIS estimator. If we further assume that a good canon-
of candidate selection probabilitisIdeally, candidates should be  jca sample exists and is successfully shifted to all neighbors with
selected according to Equation 6, which involves a shift mapping 5 jacobian approximately equal to 1, then pairwise MIS gives a
possible to maximize performance, and draw candidates according

. a weight of approximatelg.=(cc + c.) to the zero-contribution
to the quantity g PP ¥s=(Cc+ Cg)

. neighbor sample. Thus, wheg is large, this scenario results in a
P@) /¢ POG)W;; 17 near-zero contribution to the canonical sample, even if it is the only

which is simply the luminance of pixel scaled by its con - “good” sample present.
dence weight;, since we sep(%) to the luminance of the in-
tegrandf. This quantity is readily available as input without ex-
tra computations. This works well when shift mappings are effec-
tive, i.e., the non-shifte@(X;) is highly correlated with the shifted
P(Ti(%)). Figure 7 shows the effect of this approximation with
varying amounts of evaluated candidatf {o the standard de-

To alleviate this, we apply a defensive strategy of scaling all non-
canonical con dence weights, and therefagg by the factoiN=M.
This effectively lowers the weight of non-canonical samples, lim-
iting the variance introduced by stochastic MIS. Our strategy en-
sures thatg / N, while still naturally degrading to deterministic

terministic reuse over all input candidates (Figure 7d). pairwise MIS as\ approaches.

A key benet of choosing reuse pixels proportionally to Figure 2 empirically studies this problem in penumbra, a
P(Xi)W, is that valid candidate samples (i.@(X) > 0) are al- phenomenon caused by a visibility discontinuity. Shift mapping
ways found when they exist within the large kernel\dfpixels. through this visibility discontinuity fails, causing the pepper noise.

This makes our reuse method much more likely to succeed with Using largeN alleviates the problem, but at a signi cant cost.
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Figure 4: We use WRS to randomly select a high-con dence cell
within a radius around each pixel. To help nd cells outside of
@RN=1 b)R=8 (© R = 1, scaled ¢ Itz:\rgzest()jisocclusions, we grow the radius after every WRS iteration
. ~ . . . y £9570.
Figure 2: WhenN is very low, sto~chast|c sampling can drastically
increase variance (2a). Increasimg helps, but increases cost (2b).
We instead scale non-canonical con dencedby the ratioN=M, 5.1. Searching Relevant Neighbor Cells

which lowers them to account for the fact that oilyneighbors
are actually evaluated (2c). Only reusing from the closest screen-space cell introduces obvious

correlation artifacts and often does not help with large disocclu-
sions, as they may reside completely within the disocclusion. Clos-
est cells outside of the disocclusion could be far. Therefore, we
search around the pixel with increasing radii to nd a suf ciently
similar cell containing pixels with high con dence weights.

We select a neighbor cell according to the sum of its pixels'
con dence weights using a single weighted reservoir sampling
(WRS) [Cha82] pass: For each iteration, we randomly sample a
pixel within the current radius and fetch its associated cell. The cell
is rejected if it has dissimilar G-buffer normal or object ID, and is
@ otherwise treated as a candidate sample, weighted by its pixel con -
(b) (c) dence sum. To help nd cells outside of disocclusions, we increase
the search radius after every iteration, as shown in Figure 4. Our
Figure 3: Our reservoirs store one sample per pixel (3a). We di- jmplementation uses 12 iterations to nd a neighbor cell, with an

vide the image into small screen-spaeese cell®nd nd samples  injtial 30px radius which is increased by 25% after each iteration.
within each cell (3b). Finally, pixels choose their reused samples

from the cells based on their contribution to the source pixel (3c). )
5.2. GPU Implementation

In this subsection we provide a detailed explanation of our ef cient
) _ GPU implementation. We begin with cell construction, which en-
5. Implementation using Screen-Space Cells ables the subsequent spatial resampling.

Our method allows increasing the number of reuse candiddtes
by orders of magnitude, but the input pixels must still be care-
fully chosen. We could simply reuse from all pixels in the image, Algorithm 1 sorts pixels into cells on the GPU using two parallel
but reusing from far away pixels generally increases variance as multimaps. Each pixel determines its hashed cell ID, then inserts
shift mappings become less effective and ideal path distributions jts pixel index into the “cellPixellndices” multimap. If the pixel
diverge. Instead, we classify pixels into screen-spacese cells contains a non-zero sample, it also inserts its index into the “cell-
and perform stochastic pairwise reuse within each cell (Figure 3). Reservoirs” multimap.

We assign per-pixel cell IDs by rst dividing the screen into small
tiles, then hashing each pixel's tile ID and auxiliary information.

5.2.1. Cell Construction

The multimaps are ef ciently sorted on the GPU so that each
cell's data is adjacent in memory, following the hash grid imple-

We refer tatiles as individual 8 8 regions of pixels, andellsas mentation described in [Boi21]. This forms per-cell lists which can
regions within each tile containing similar auxiliary information, be easily sampled. In Algorithm 2, the RandomPixelInCell func-
such that a tile can contain multiple cells. To construct cells con- tion chooses a pixel index from the cell's list uniformly, while the
taining similar pixels, we hash each pixel's tile ID, object ID, and ResampleReservoirlnCell function chooses a pixel from the cell ac-
quantized surface normal using the PCG hash function [O'N14].  cording to Equation 17 using WRS.
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