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1 LOBE-INDEXED PATHS AND PRIMARY SAMPLE SPACE
Modern path tracers often evaluate only a single sampled lobe for each path vertex, effectively

splitting the integrand associated with the same geometric path across all lobe combinations. In

ReSTIR PT, this separation allows more effective path reuse, as instead of classifying the whole

vertex as either rough or (near-)specular, leading to suboptimal reuse decisions, only (near-)specular

lobes are postponed with random replay.

In addition to sampling a single BSDF lobe to extend the path, each vertex also performs next

event estimation (NEE) with all lobes enabled. Therefore, the path space integral can be written as

𝐼 =

∞∑︁
𝑑=1

∑̄︁
ℓ∈𝐿𝑑

∫
Ω𝑑

𝜔𝑛 (ℓ̄ ) (x̄) 𝑓ℓ̄ (x̄) dx̄ , (1)

where each path x̄ now contains a lobe sequence ℓ̄ = (ℓ𝑗 )𝑑−1

𝑗=1
with ℓ𝑗 ∈ {0, 1, 2, ..., 𝑁lobe} defining

the lobe used at vertex x𝑗 , with a NEE sample (at the last vertex x𝑑 ) encoded by index 0. 𝑁lobe is

the maximum number of BSDF lobes in a vertex, 𝐿𝑑 is the set of all possible lobe sequences, and

𝑛(ℓ̄) ∈ {1, 2} differentiates between BSDF and NEE sampling (based on ℓ𝑑−1) for MIS weights like

𝜔𝑡 (x̄) = 𝑝𝑡 (x̄)
𝑝1 (x̄)+𝑝2 (x̄) . Written out explicitly, the lobe-specific path contribution is

𝑓ℓ̄ (x̄) =
𝑑−1∏
𝑗=0

(
𝜌ℓ𝑗 (x𝑗+1 → x𝑗 → x𝑗−1)𝐺 (x𝑗 ↔ x𝑗+1)𝑉 (x𝑗 ↔ x𝑗+1)

)
𝐿𝑒 (x𝑑 → x𝑑−1) , (2)

where 𝜌ℓ𝑗 is the chosen BSDF lobe ℓ𝑗 at x𝑗 for vertices 𝑗 ≥ 1, and the sensor response𝑊e (x1 → x0)
for the sensor vertex 𝑗 = 0.

In principle, this allows a unique mapping to primary sample spaces (PSS) can then be established,

turning the (x̄, ℓ̄) pair into a random number sequence ū ∈ 𝒰𝑡,𝑑 where 𝑑 (path length) and 𝑡 ∈ {1, 2}
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(BSDF or NEE light sampling) specifies the dimensionality of the primary sample space, giving the

integral

𝐼 =

∞∑︁
𝑑=1

2∑︁
𝑡=1

∫
𝒰𝑡,𝑑

𝐹 (ū) dū (3)

where 𝐹 (ū) =
𝜔𝑛 (ℓ̄ ) (𝒳𝑡,𝑑 (ū) ) 𝑓ℓ̄ (𝒳𝑡,𝑑 (ū) )

𝑝𝑡 (𝒳𝑡,𝑑 (ū) ) is the PSS integrand and 𝒳𝑡,𝑑 is a function that warps the

random sequence into the lobe-indexed path. Note that 𝑝𝑡 (𝒳𝑡,𝑑 (ū)) is the path-space sampling PDF

in the path tracer that accounts for the change of variables between the path space and the PSS.

The PSS source PDF 𝑝 (ū) = 1 for paths directly produced by the path tracer.

With PSS parameterization, the Jacobian determinant for the hybrid shift can be expressed as���� 𝜕ū𝑦𝜕ū𝑥

���� = 𝑝
𝑦

𝑘−1
(𝜔 ′

𝑘−1
, ℓ𝑘−1)𝐺 (y𝑘−1 → x𝑘 )𝑝𝑦𝑘 (𝜔𝑘 , ℓ𝑘 )

𝑝𝑥
𝑘−1

(𝜔𝑘−1, ℓ𝑘−1)𝐺 (x𝑘−1 → x𝑘 )𝑝𝑥𝑘 (𝜔𝑘 , ℓ𝑘 )
, (4)

where 𝑝𝑥
𝑘
(𝜔𝑘 , ℓ𝑘 ) ≡ 𝑝 (𝜔𝑘 , ℓ𝑘 |x𝑘 ,−𝜔𝑘−1) is the joint PDF of sampling the direction 𝜔𝑘 = �x𝑘x𝑘+1 =

−−−−−→x𝑘x𝑘+1/∥−−−−−→x𝑘x𝑘+1∥ and lobe ℓ𝑘 at x𝑘 with outgoing direction −𝜔𝑘−1. Other terms like 𝑝𝑥
𝑘−1

(𝜔𝑘−1, ℓ𝑘−1)
are similarly defined. 𝜔 ′

𝑘−1
is a shorthand for �y𝑘−1x𝑘 , the direction formed by reconnection. The

single-sided geometry term 𝐺 (x → y) is defined as cos𝜃/| |x − y| |2 where 𝜃 is the angle made by�y𝑘−1x𝑘 and the normal at y𝑘−1. Note that the Jacobian is simply the result of reconnection. Random

replay is an identity shift in PSS, therefore having a Jacobian of 1.

2 DETAILED DERIVATION OF THE FOOTPRINT THRESHOLDS
The dual footprint threshold is

(max(𝑝𝑥
𝑘−1

(𝜔𝑘−1)𝐺 (x𝑘−1 → x𝑘 ), 𝑝𝑥𝑘 (𝜔𝑘 )𝐺 (x𝑘 → x𝑘−1)))−1 ≥ 𝑐

100

| |x0 − x1 | |2〈
𝑛x1

, x̂1x0

〉
/(4𝜋)

, (5)

where 𝑝𝑥
𝑘−1

(𝜔𝑘−1) and 𝑝𝑥𝑘 (𝜔𝑘 ) are PDFs of sampling 𝜔𝑘−1 and 𝜔𝑘 at x𝑘−1 and x𝑘 , respectively. The
analysis assumes samples without lobe indices, with marginal PDF for direction sampling available.

The lobe-indexed case is discussed in Section 3.

We consider shifting a path x̄ starting from pixel A to a path ȳ in a neighboring pixel B. For any

pair of corresponding primary hits x1 and y1, we assume their world-space distance is bounded by

the primary ray footprint radius 𝑅x̄
pri

(“spread at the primary vertex” [Müller et al. 2021]) up to a

constant factor,

|x1 − y1 | � 𝐶1𝑅
x̄
pri
, 𝑅x̄

pri
=

√︄
∥x0 − x1∥2

⟨𝑛x1
, x̂1x0⟩/(4𝜋)

, (6)

and similarly |x1 − y1 | ≤ 𝐶1𝑅
ȳ
pri
. Before reconnection, we further assume that random replay

produces corresponding vertices x𝑖 and y𝑖 on the same (locally flat) surface and that the distances

between them grow at most linearly:

|x𝑖 − y𝑖 | � 𝐶2 |x1 − y1 | . (7)

These bounds reflect that neighboring pixels cannot diverge arbitrarily in a finite scene.

For a potential reconnection vertex x𝑘 on x̄, connecting from y𝑘−1 instead of x𝑘−1 perturbs the

Jacobian of the shift 𝑇 . A sufficient condition for a stable mapping is that the relative change in the

area density at x𝑘 and the relative change in the BSDF sampling density at the next vertex are both
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small. We express this as

��𝑝𝑦
𝑘−1

(𝜔 ′
𝑘−1

)𝐺 (y𝑘−1→x𝑘 ) − 𝑝𝑥
𝑘−1

(𝜔𝑘−1)𝐺 (x𝑘−1→x𝑘 )
��

𝑝𝑥
𝑘−1

(𝜔𝑘−1)𝐺 (x𝑘−1→x𝑘 )
� 𝜖, (8)��𝑝𝑦

𝑘
(𝜔𝑘 ) − 𝑝𝑥

𝑘
(𝜔𝑘 )

��
𝑝𝑥
𝑘
(𝜔𝑘 )

� 𝜖, (9)

for a small 𝜖 , which ensures (1 − 𝜖)2 �
��𝜕𝑇 /𝜕ū𝑥 �� � (1 + 𝜖)2

. Our goal is to turn these conditions

into simple, local thresholds based on ray footprints and inverse ray footprints.

Ray footprint threshold. The term 𝑝𝑥
𝑘−1

(𝜔𝑘−1)𝐺 (x𝑘−1 ↔ x𝑘 ) is the area density of the vertex x𝑘
when the path x̄ is generated by path tracing. We denote it by

𝑝 x̄
𝑘
(x𝑘 ) ≡ 𝑝𝑥

𝑘−1
(𝜔𝑘−1)𝐺 (x𝑘−1 ↔ x𝑘 ), (10)

and refer to its inverse 1/𝑝 x̄
𝑘
(x𝑘 ) as the ray footprint at x𝑘 . Intuitively, this footprint measures the

typical spacing between nearby area samples. Analogously, tracing from y𝑘−1 induces

𝑝
ȳ
𝑘
(x𝑘 ) ≡ 𝑝

𝑦

𝑘−1
(𝜔 ′

𝑘−1
)𝐺 (y𝑘−1 ↔ x𝑘 ), (11)

and the left-hand side of (8) becomes ��𝑝 ȳ
𝑘
(x𝑘 ) − 𝑝 x̄

𝑘
(x𝑘 )

��
𝑝 x̄
𝑘
(x𝑘 )

. (12)

Directly comparing 𝑝 x̄
𝑘
and 𝑝

ȳ
𝑘
is awkward. Instead, we make the empirical assumption that

random replay preserves the area density along ȳ, i.e.,

𝑝 x̄
𝑘
(x𝑘 ) ≈ 𝑝

ȳ
𝑘

(
𝑇replay (x𝑘 )

)
, (13)

where 𝑇replay denotes continuing random replay from y𝑘−1 to produce a vertex near x𝑘 . Under this
approximation, (8) is controlled by the variation of a single density function 𝑝

ȳ
𝑘
(𝑥) under a small

spatial shift: ��𝑝 ȳ
𝑘
(x𝑘 ) − 𝑝

ȳ
𝑘
(𝑇replay (x𝑘 ))

��
𝑝
ȳ
𝑘
(𝑇replay (x𝑘 ))

. (14)

We now assume a footprint-based smoothness condition on the area density: for any area sample

𝑥 with density 𝑝area (𝑥), the relative change of 𝑝area inside a disk of radius proportional to the

footprint

√︁
1/𝑝area (𝑥) is bounded by 𝜖 . Formally, there exists a constant 𝑐2 such that if 𝑦, 𝑧 satisfy

max(∥𝑦 − 𝑥 ∥, ∥𝑧 − 𝑥 ∥) �

√︂
𝑐2

𝑝area (𝑥)
, (15)

then ��𝑝area (𝑧) − 𝑝area (𝑦)
��

𝑝area (𝑦)
� 𝜖. (16)

In words, the density is approximately constant within a footprint-sized neighborhood.

Since (according to Equation 7) the distance between x𝑘 and 𝑇replay (x𝑘 ) can be bounded by the

primary footprint, ��𝑇replay (x𝑘 ) − x𝑘
�� ≤ 𝑐1𝑅

ȳ
pri

where 𝑐1 = 𝐶1𝐶2 . (17)
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Combining this geometric bound, the smoothness assumption (Equation 15, 16), and all the deriva-

tions above, a sufficient condition for (8) is

𝑐1𝑅
ȳ
pri

�

√︄
𝑐2

𝑝
ȳ
𝑘
(x𝑘 )

=⇒ 1

𝑝
ȳ
𝑘
(x𝑘 )

¡
𝑐2

1

𝑐2

(𝑅ȳ
pri
)2. (18)

By shift invertibility, the same condition must hold for x̄, yielding

(𝑝𝑥
𝑘−1

(𝜔𝑘−1)𝐺 (x𝑘−1→x𝑘 ))−1 =
1

𝑝 x̄
𝑘
(x𝑘 )

¡
𝑐2

1

𝑐2

(𝑅x̄
pri
)2. (19)

In practice, we collapse the constants into a single user parameter 𝑐 and obtain the ray footprint

threshold, which corresponds to the first term in Equation 5. Increasing 𝑐 effectively shrinks

the admissible footprint and enforces a more conservative notion of local smoothness, making

reconnections rarer but more robust.

Inverse ray footprint threshold. The ray footprint threshold controls the change in area density at

x𝑘 , but it does not account for how reconnection affects the BSDF sampling density 𝑝𝑥
𝑘
(𝜔𝑘 ) at the

next vertex. This effect depends only on the change in outgoing direction −𝜔𝑘−1, and can be severe

for low-roughness glossy materials where the BSDF PDF is sharply peaked.

We therefore introduce the inverse ray footprint,

(𝑝𝑥
𝑘
(𝜔𝑘 )𝐺 (x𝑘 → x𝑘−1))−1, (20)

which we interpret as the footprint of a reverse-traced ray from x𝑘 towards x𝑘−1. Assuming

approximate reciprocity of the BSDF sampling PDFs for glossy materials,

𝑝𝑥
𝑘
(𝜔𝑘 ) = 𝑝 (𝜔𝑘 |x𝑘 ,−𝜔𝑘−1) ≈ 𝑝 (−𝜔𝑘−1 |x𝑘 , 𝜔𝑘 ), (21)

this inverse footprint is proportional to the area density 𝑝 (x𝑘−1 |x𝑘 , 𝜔𝑘 ) of the hit point of a reverse
ray, via

𝑝 (−𝜔𝑘−1 |x𝑘 , 𝜔𝑘 ) = 𝑝 (x𝑘−1 |x𝑘 , 𝜔𝑘 )𝐺 (x𝑘 → x𝑘−1). (22)

Reconnecting from y𝑘−1 instead of x𝑘−1 perturbs this density, and we can reuse the same footprint-

smoothness argument as above: if

|y𝑘−1 − x𝑘−1 | �

√︂
𝑐2

𝑝 (x𝑘−1 |x𝑘 , 𝜔𝑘 )
, (23)

then ��𝑝 (y𝑘−1 |x𝑘 , 𝜔𝑘 ) − 𝑝 (x𝑘−1 |x𝑘 , 𝜔𝑘 )
��

𝑝 (x𝑘−1 |x𝑘 , 𝜔𝑘 )
� 𝜖. (24)

Again using the geometric bound and assuming that the geometry term 𝐺 (x𝑘 → x𝑘−1) ≈
𝐺 (x𝑘 → y𝑘−1) for distant reconnections, we arrive at a condition analogous to the ray footprint

case:

(𝑝𝑥
𝑘
(𝜔𝑘 )𝐺 (x𝑘 → x𝑘−1))−1 ¡

𝑐2

1

𝑐2

(𝑅x̄
pri
)2 . (25)

3 CONDITIONAL VS. MARGINAL PDF IN FOOTPRINT THRESHOLD
To handle multi-layer material (e.g. material that contains both diffuse and specular components),

ReSTIR PT uses lobe-specific connectability [Lin et al. 2022] – only the roughness of the sampled

lobe is used to test against the roughness threshold. Correspondingly, the lobe index is preserved in

reconnection. This yields a Jacobian determinant expressed in Equation 4. Since reconnection does

not change the lobe type, it is reasonable to assume that the lobe sampling PMF remains nearly

constant (as a result of shifting to a neighboring pixel that has similar material and similar viewing
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