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Figure 1. Left: we show results of our reduced-order elastic simulation applied to 3D Gaussian Splatting (3DGS) objects. Middle: our
simulation can handle multiple interacting 3DGS objects. Right: we show the application of our method in simulating robot interaction.

Abstract

We present a novel formulation for mesh-free, reduced-001
order simulation of deformable hyperelastic objects. Ex-002
isting work in reduced-order elastodynamic simulation rep-003
resents the input geometry by either meshes, which can be004
difficult to obtain due to challenges in scanning and trian-005
gulating complex shapes, or by neural fields that require006
per-shape optimization. We propose to adopt a Reproduc-007
ing Kernel Particle Method (RKPM) representation, which008
enables the construction of reduced-order skinning weights009
by solving a generalized eigensystem on the Hessian ma-010
trix of the elastic energy. We demonstrate that this formu-011
lation not only leads to a 40× training speedup compared012
with the per-shape optimization of neural fields, but also013
achieves lower simulation error when evaluated against the014

converged results of finite element method. We show our 015
simulation results on a wide variety of objects in different 016
representations including meshes and Gaussian splats, as 017
well as the application of our method in the downstream 018
task of robot simulation. 019

1. Introduction 020

Elastodynamic simulation of deformable objects is im- 021
portant and widely used in engineering, scientific com- 022
puting, visual effects, and robotics. The Finite Element 023
Method (FEM) is typically employed to this effect; however 024
it suffers from two major limitations. First, element-based 025
FEM requires high-quality meshes as input: this can be 026
problematic on traditional mesh representations due to the 027
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challenges of volumetric meshing on arbitrary shapes, and028
may not even be well-defined for modern, imprecise point-029
based representations such as Gaussian Splats [22]. Second,030
an accurate FEM simulation at high resolution needs a sim-031
ilarly high number of Degrees of Freedom (DoFs) and more032
iterations of numerical solves, and is thus slow to compute.033

Particle-based methods like the Material Point034
Method (MPM) and Smoothed Particle Hydrodynam-035
ics (SPH) have been proposed, which can simulate elastic036
objects in a mesh-free manner, and are popular in recent037
works that aims to simulate objects represented by 3DGS,038
e.g, PhysGaussian and PhysDreamer [43, 47]. However,039
these approaches also have limitations; for example,040
they are sensitive to both spatial and temporal discretiza-041
tions [12, 46], potentially leading to failures under large042
strains.043

Meanwhile, reduced-order simulation techniques [3]044
have been proposed to reduce computation costs, but have045
mainly been focused on mesh-based simulation. A recent046
work, Simplicits [31], addresses the problem of reduced-047
order simulation in the mesh-free domain, the same setting048
as our work. This approach, however, requires optimizing a049
neural field for every input object before simulation can be050
run. Moreover, we empirically find that Simplicits achieves051
suboptimal simulation accuracy, possibly due to the diffi-052
culty in variational optimization of elastic energy (see dis-053
cussion in the experiments).054

To address the limitation of previous work, our key055
insight is that the Reproducing Kernel Particle Method056
(RKPM) [27], a mesh-free, particle-based representation of057
spatially-defined functions, enjoys multiple advantages in058
this setting, to which it has not previously been applied to059
the best of our knowledge. We leverage RKPM to param-060
eterize the deformation subspace and formulate the elastic061
energy in a mesh-free manner. More importantly, this ex-062
plicit representation makes it possible to obtain a set of op-063
timal skinning eigenmodes through eigenanalysis, which is064
more accurate and significantly faster than other compara-065
ble subspace generation techniques.066

Our contributions are summarized as follows:067

• We present a novel formulation of mesh-free, reduced-068
order elastodynamics using skinning eigenmodes of069
RKPM-parametrized elastic objects;070

• We derive a simple, easy-to-implement mathematical ex-071
pression for the Hessian matrix of the commonly used072
Neo-Hookean elastic energy.073

• We empirically demonstrate the efficiency and effective-074
ness of our method on a wide variety of objects.075

2. Related Work076

Traditionally, in graphics and engineering, elastodynamic077
simulations have employed explicit mesh-based represen-078
tations of objects, optimizing over per-element energies079

[4, 28, 39]. However, the recent popularity of NeRFs [30], 080
Gaussian Splats [22], and signed-distance functions have 081
given rise to new simulation techniques naturally support- 082
ing these implicit object representations. 083

Neural physics-based simulation Neural physics simu- 084
lation is typically motivated by the need to simulate ge- 085
ometries or materials for which traditional pipelines fail or 086
for which parameters or specifications are not known [21, 087
34, 36, 42, 43]. These methods exist on a spectrum, rang- 088
ing from augmenting existing simulation algorithms with 089
neural components [10, 35] to replacing physics simula- 090
tion in its entirety with a learned representation [25, 33]. 091
Such algorithms are of increasing usefulness due to the pro- 092
liferation of new, high-fidelity geometric data representa- 093
tions [22, 30] and a desire to generate physically plausible 094
motion from them, whether that be for games [21], train- 095
ing other neural models [26] or applications in the physical 096
AI [1, 44]. 097

Particle-based simulation. Alternatively, particle-based 098
updated-Lagrangian methods, such as the Material Point 099
Method [20, 38] and Smoothed Particle Hydrodynam- 100
ics [11, 18] have been employed to simulate Gaussian Splats 101
or NeRFs [24, 43]. These methods can handle a wide range 102
of constitutive models. However, their sensitivity to the 103
spatial and temporal discretizations renders them non-ideal 104
for elastic solid simulation, with numerical fracturing un- 105
der large strains and inexact boundaries as common limita- 106
tions [20]; RKPM and Moving Least Squares (MLS) inter- 107
polation techniques have been explored to reduce these arti- 108
facts [8, 41]. Zong et al. [50] explored reducing the compu- 109
tational cost using neural fields. Martin et al. [29] proposed 110
a fully implicit particle-based simulation method leverag- 111
ing generalized MLS; however, this suffers from a high 112
DoF count and lack of convergence with particle resolu- 113
tion. Feng et al. [15] reduce the DoF count using clustering, 114
but lacks awareness of geometric details. Position-Based 115
Dynamics and mass-spring techniques have also been em- 116
ployed to simulate Gaussian particles [1, 21, 48], but do not 117
derive from a proper continuum model and as such require 118
the use of ad-hoc material parameters. Dodik et al. [13] in- 119
troduce a particle-based biharmonic formulation with moti- 120
vations similar to ours, but focus on skinning control from 121
predefined handles rather than physical simulation. 122

Reduced-order simulation. Rather than rely on a large 123
number of particles or nodes to represent motion, reduced 124
approaches rely on a small set of degrees of freedom 125
augmented with complex basis [2] or interpolating func- 126
tions [40]. These methods can produce rich shape aware 127
motion as long as appropriate basis functions can be com- 128
puted, via modal analysis [3, 5, 45] or exemplars [2]. Train- 129
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Figure 2. Overview of our method. Given an input object’s shape and material properties, we first construct RKPM particles and perform
eigenanalysis to derive expressive skinning weights. These weights are then used to enable reduced-order simulation at runtime.

ing a neural network to encode the reduced representation130
has shown great promise for modeling kinematics and dy-131
namics of complex geometries [16, 37]. While LiCROM [6]132
learns a continuous reduced order model from an existing133
subspace — usually generated on a mesh, Simplicits [31]134
demonstrates representation agnostic simulation across any135
input domain that admits an inside-outside query, along136
with shape-aware deformation and good agreement with137
standard FEM simulations. Chang et al. [7] trains a neu-138
ral field that predicts Laplace eigenfunctions for classes of139
parametric objects, which may also be used for reduced or-140
der simulation. Besides the requirement of parametric mod-141
els, unlike Simplicits [31] and our method, this approach is142
not material-aware and thus only addresses homogeneous143
objects.144

3. Methodology145

Our method takes as input the geometry of an elastic ob-146
ject, in any representation that allows us to do integration147
on the volume, e.g, by sampling points from the object.148
First, in an optimization/training stage, we construct a set149
of reduced-order bases, known as skinning weights, for the150
object. Then, in a simulation stage, the skinning weights are151
used for a low-degree-of-freedom elastic simulation. We152
introduce the overall background and notation in Sec. 3.1,153
and our approach in Sec. 3.2. A high-level overview of the154
method is given in Fig. 2.155

3.1. Background156

Reduced-order elastodynamic simulation models the defor-157
mation of an object by a deformation map x ← ϕ(X, z)158
that maps any point X ∈ Ω ⊂ R3 in the object from159
the reference space to x ∈ R3 in the deformed configura-160
tion, controlled by a number of Degrees of Freedom (DoFs)161
z ∈ Rn. In a maximal-coordinate simulation, the DoFs162
are simply the vertex or particle positions, while reduced-163
order simulations pick DoFs from a low-dimensional space164

for efficiency and control. One common formulation is 165
skinning-based (or frame-based) deformation [3, 13, 17], 166
where the DoFs z consist of a set of m affine transfor- 167
mations {Zj ∈ R3×4}mj=1 with associated fixed skinning 168

weight functions W : R3 → Rm combined using Linear 169
Blend Skinning (LBS): 170

x = Φ(X, z) = X+

m∑

j=1

Wj(X)ZjX, (1) 171

where X is the homogeneous coordinates of X, Wj is the 172
j-th weight of W. 173

Reduced-order simulation methods have a fitting or 174
training stage that finds skinning weights W for a given ob- 175
ject, and a simulation stage that, given W, the previous state 176
zt+1, and the environment, performs time stepping to solve 177
for DoFs of the next state zt+1. The simulation stage fol- 178
lows the standard implicit time integration that minimizes 179
the incremental potential: 180

zt+1 = argmin
z

Ir(z, zt) + Epot(z) + Eext(z) (2) 181

where h is the timestep, Ir(z, zt) is the inertia energy, Epot is 182
the elastic potential energy, and Eext is the potential energy 183
for external forces such as gravity and boundary conditions, 184
both implicitly dependent on the skinning model W. 185

Simplicits One baseline, Simplicits, proposes a mesh-free 186
formulation by representing the skinning weights W with 187
a neural field parametrized by network weights θ (hence 188
the notation Wθ,Φθ). Simplicits aims to find the skinning 189
weights that produce physically-plausible deformation by 190
minimizing a combination of elastic loss and orthogonality 191
constraints: 192

θ∗ = argmin
θ

λelasticLelastic + λorthoLortho (3) 193
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u(X, c)

…

Figure 3. Illustration of RKPM. RKPM smoothly interpolates
nodal values ck to any query location X using the reproducing
kernels ϕk corrected on top of the raw RBF φk to satisfy the re-
producing condition.

The elastic loss evaluates the elastic energy of the deforma-194
tion map Φθ over randomly sampled transformations z from195
a normal distribution of variance σ2196

Lelastic = Ez∼N (0,σI) [Epot(z)]

= Ez∼N (0,σI)

[∫

Ω

Ψ(Φθ(X, z))dX

]
,

(4)197

where Ψ is the strain energy density function depending198
on the constitutive model (e.g., Neo-Hookean). The sec-199
ond term, Lortho enforces that the skinning weights form an200
orthonormal basis:201

Lortho =

n∑

i,j=1

∫

Ω

(Wi
θ(X)Wj

θ(X)− δij)
2dX. (5)202

This orthogonality constraint not only prevents the trivial203
solution W ≡ 0, but also ensures a nice numerical condi-204
tion for the mass matrix which plays a crucial role in solving205
Eq. (2) by Newton’s method.206

3.2. Efficient Skinning Eigenmode from RKPM207

As an alternative to neural skinning weights, we propose208
to discretize W using the Reproducing Kernel Particle209
Method (RKPM) [27], which has several key benefits. We210
first recall the formulation of RKPM, and then show how211
this representation allows us to efficiently build a high-212
quality reduced-order basis for elastic deformation.213

RKPM represents any vector-valued function u : Ω ⊂214
R3 → Rd by a sum of node values c = {ck ∈ Rd}Kk=1215
weighted by reproducing kernels {ϕk}Kk=1 centered at posi-216
tions {pk ∈ Ω}Kk=1,217

u(X; c) =

K∑

k=1

ϕk(X)ck. (6)218

These kernels are conceptually similar to standard Ra-219
dial Basis Functions (RBF), e.g, Gaussian RBF φk(X) =220

partition-of-unity RBFsordinary RBFs RKPM

Figure 4. Choosing a suitable kernel basis is essential for high-
quality reduced particle simulation. Here, we visualize the first
nonzero Laplacian eigenmode on three different particle bases.
Even with nicely-sampled centers, RBFs (left) and partition-of-
unity RBFs (middle) have irregular nonsmooth modes, while
RKPMs (right, ours) closely approximate the expected linear field.

exp(−∥X − pk∥2/r2), but are augmented with correction 221
terms to satisfy certain numerical conditions: 222

ϕk(X) = φk(X)PT (pk)C(X), (7) 223

where P(X) = [1, x, y, z]T includes monomials of X up to 224
degree D = 1 in our case, and C : Ω 7→ RdimP is an intro- 225
duced correction function to be solved for. The reproducing 226
condition requires that these kernels reproduce polynomial 227
functions up to degree D in Eq. (6): 228

K∑

k=1

ϕk(X)P(pk) = P(X) (8) 229

Substituting Eq. (7) into Eq. (8) yields a linear equation that 230
allows us to solve for C(X) for any query location X as 231

M(X)C(X) = P(X), (9) 232

where M(X) =

K∑

k=1

φk(X)P(pk)P
T (pk). (10) 233

Thus the final formulation of RKPM is 234

u(X; c) =

K∑

k=1

ϕk(X)︷ ︸︸ ︷
PT (pk)C(X)φk(x) ck

where C(X) = M−1(X)P(X).

(11) 235

Skinning Eigenmode with RKPM. Directly applying 236
the RKPM formulation in Eq. (11) to parameterize the de- 237
formation map Φ(X) = u(X,d) +X allows us to evaluate 238
the elastic potential as 239

Efull
pot (d) =

∫

Ω

Ψ(u(X,d) +X)dX, (12) 240

where the DoFs are 3D nodal displacements d = {dk ∈ 241
R3}Kk=1. Simulating this full-order formulation directly for 242
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a large number of RKPM kernels would be costly. In line243
with existing reduced-order methods, we adopt the skinning244
deformation in Eq. (1) and propose to discretize the skin-245
ning weight fields {Wj}mj=1, rather than the displacement246
u, with RKPM. The problem boils down to determining ad-247
equate nodal values c = [c1, . . . , cK ]T ∈ RK×m for each248

skinning function Wj(X) =
∑K

k=1 ϕk(X)cjk, where cjk is249
the j-th element of the vector ck ∈ Rm.250

Adapting RKPM allows us to extend the Skinning Eigen-251
mode approach [3] to the mesh-free domain. The basic idea252
is to approximate the elastic potential Efull

pot (·) by its Hessian253
matrix H around the rest positions254

Efull
pot (d) ≈

1

2
dTHd, (13)255

where d ∈ R3K is nodal displacements flattened to a vec-256
tor. Then a set of most expressive skinning weights W257
should be selected so that different columns of c mini-258
mize the sum of this quadratic form while keeping differ-259
ent channels of W orthogonal to each other. Following260
Benchekroun et al. [3], we use the simplified weight-space261
Hessian that prioritizes translation for skinning eigenmode:262
Hw = Hxx +Hyy +Hzz , which are blocks of H with re-263
spect to x, y, z coordinates, respectively. For orthogonality,264
we have265

δij = ⟨Wi,Wj⟩ =
∫

Ω

Wi(X)Wj(X)dX

=

K∑

l,m=1

cilc
j
m

Mlm︷ ︸︸ ︷∫

Ω

ϕl(X)ϕm(X)dX =

K∑

l,m=1

cilMlmcjm

(14)266
whereM is the mass matrix of RKPM. Eq. (14) can be writ-267
ten as cTMc = I in matrix form. Putting these together,268
we have the following optimization problem:269

argmin
c∈RK×m

tr(cTHwc), subject to cTMc = I (15)270

This problem can be efficiently solved as a generalized271
eigenvalue problem Hwv = λMv, and we can use the first272
m generalized eigenvectors [v1, . . . ,vm] as c.273

Simple expression for Hessian matrix. We derive a sim-274
ple expression for the weight-space Hessian matrix Hw for275
the commonly used Neo-Hookean elastic energy that allows276
easy analytical evaluation. We use the following version of277
Neo-Hookean elastic energy278

Ψ(F) =
1

2
(λ+ µ)(detF− γ)2 + µ tr(FTF)− E0.

(16)

279

where F = ∇Φ is the deformation gradient, λ and µ are280
Lamé coefficients, and γ = 1+µ/(λ+µ), E0 is a constant281
term so that Ψ(I) = 0,282

Test m Simplicits Ours MPM SPH

Bend

6 1.20e-02 7.80e-03

1.42e-03 6.57e-049 6.94e-03 4.90e-03
16 1.53e-03 4.10e-04
32 1.17e-04 2.93e-06

Twist

6 2.54e-03 1.56e-04

2.34e-05 1.33e-049 3.42e-04 2.95e-05
16 1.30e-04 3.46e-06
32 4.21e-05 6.64e-06

Table 1. Quantitive evaluation on the standard beam deformation
test. We report the normalized Mean Squared Error (MSE) of sim-
ulated point locations on two types of boundary conditions. The
results are reported for different numbers m of affine transforma-
tions for Simplicits and our method. We also show the results of
MPM and SPH for comparison.

Proposition 1 For the Neo-Hookean elastic energy above, 283
the (i, j)-th element of the weight-space Hessian matrix Hw 284
with RKPM discretization in Eq. (6) simplifies to 285

(Hw)ij =

∫

Ω

(λ(X) + 4µ(X))∇ϕi(X)T∇ϕj(X)dX. 286

The proof is given in the supplementary material, and sim- 287
ilar expressions can be derived for other commonly used 288
elastic energy functions. Moreover, for homogeneous ma- 289
terials where λ and µ are constant across the domain, the 290
Hessian matrix simplifies to 291

(Hw)ij = (λ+ 4µ)

Lij︷ ︸︸ ︷∫

Ω

∇ϕi(X)T∇ϕj(X)dX,
(17) 292

where L is the weak-form Laplace matrix of RKPM. In this 293
case, the elastic Hessian Hw shares the same eigenmodes as 294
the Laplace matrix L, which is known to be the minimizer 295
of the Dirichlet energy for any input scalar fields. In the 296
heterogeneous case, our proposed RKPM-based skinning 297
eigenmode can be regarded as a material-aware Laplace 298
eigenmode, and connects back to this important concept in 299
classical modal analysis. 300

4. Evaluation 301

Standard beam test. We start with evaluation results on 302
a cuboid beam, a standard test in the simulation of elas- 303
todynamics. We follow the same experiment setup as 304
Simplicits [31], using a beam of shape 5m × 1m × 1m, 305
Young’s Modulus 5×106Pa, Poisson ratio 0.45, and density 306
1× 103kg/m3. We apply two types of boundary conditions 307
for the beam: (1) fixing the leftmost 0.5m of the beam and 308
letting the right side bend freely (named ‘Bend’); (2) fixing 309
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Ours SPH

FEM Simplicits MPM

Ours SPH

FEM Simplicits

6 Transforms 9 Transforms 16 Transforms 32 Transforms

MPM

Figure 5. Visual comparison on standard beam test. For the case of bending cantilever beam, FEM solution is overlaid semi-transparently
on top of the simulated result from all competing methods to aid visual comparison.

the leftmost end of the beam and twisting the right end of310
the beam by up to 720◦ (named ‘Twist’).311

We compare our method with three other types of mesh-312
free methods, Simplicits [31], MPM and SPH, against simu-313
lation results with Finite Element Methods (FEM) on tetra-314
hedral meshes, which is regarded as the gold standard for315
elastodynamic simulation. We use the Mean Squared Er-316
ror (MSE) of simulated point locations across the whole317
shape and all frames, normalized by the bounding box size318
of the reference shape. Simplicits and ours are reduced-319
order methods, so we also report results with different num-320
bers m of skinning functions or affine transformations. The321
experiment results are reported in Table 1.322

With both boundary conditions, Simplicits and our323
method show steady improvement in accuracy as the num-324
ber of affine transformations increases, meaning an increase325
in the number of DoFs allowed in the simulation. Our326
method consistently outperforms Simplicits with the same327
DoFs. When the number of transformations reaches a cer-328
tain threshold, our simulation results can match or surpass329
the accuracy of MPM and SPH, two full-order simulation330
methods with different formulations.331

Thingi10K and Simready datasets. To evaluate our332
method on more diverse input examples, we take 20 shapes333
from the Thingi10K dataset [49] and 19 shapes from the334
Simready Dataset [32]. The shapes we select need to sat-335
isfy several geometric properties, such as being manifold,336
oriented, without self-intersection, and enclosing clear vol-337

umes in order to obtain tetrahedral meshes for FEM simu- 338
lation ground truth. We use TetWild [19] for the tetrahe- 339
dralization of those filtered shapes from both datasets. In 340
this experiment, we focus on comparing our method with 341
Simplicits [31], since it is the only method with the same 342
problem setting as ours. 343

The Thingi10K dataset is an online collection of 3D 344
models covering a wide range of categories including both 345
imaginary and real-world objects. The shapes come in dif- 346
ferent scales, so we normalize their bounding box sizes to 347
be 1. Depending on the semantic meaning of the object, we 348
manually assign Young’s Modulus of around 105Pa to or- 349
ganic shapes and 108Pa to other categories, while keeping 350
Poisson ratio and density consistent across the dataset. 351

The Simready dataset consists of meshes of real-world 352
objects created by artists, where the shapes are provided in 353
metric scales. We utilize VoMP [9] to predict the volumetric 354
physical parameters including Young’s Modulus, Poisson 355
ratio, and density, and use these properties for both the FEM 356
ground truth simulation and the methods in comparison. 357

We report the simulation results in three types of bound- 358
ary conditions: (1) fixing one side of the objects; (2) pulling 359
the objects in different directions on 4 farthest points sam- 360
pled from the surface; (3) pulling the objects on two sides 361
along its longest axis. The results are reported in Table 2. 362
To evaluate simulation accuracy, we report the normalized 363
Mean Squared Error (MSE) and the maximum displace- 364
ment error in each simulation sequence averaged over all 365
the examples in the dataset. We also compare the aver- 366
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Method Fix Side Pull Farthest Pull Boundary Training time (s)MSE Max MSE Max MSE Max

Simplicit 8.97e-03 2.64e-02 5.58e-02 1.66e-01 3.37e-02 6.30e-02 121.44 ± 10.15
RKPM 6.87e-03 2.14e-02 3.75e-02 1.19e-01 3.11e-02 5.96e-02 3.19 ± 2.48

Improvement 34.2% 18.2% 29.8% 27.3% 37.5% 38.9% 97.4%

Simplicit 2.16e-09 2.55e-09 9.38e-04 2.77e-03 8.83e-04 2.60e-03 117.45 ± 1.13
RKPM 1.01e-09 1.29e-09 4.75e-04 1.40e-03 4.16e-04 1.26e-03 3.49 ± 2.39

Improvement 18.9% 18.3% 38.1% 40.1% 45.4% 44.4% 97.0%

Table 2. Quantitive evaluation on the Thingi10K and Simready Datasets. We report the normalized Mean Squared Error (MSE) and
maximum error across all the examples for each boundary condition. We also show the training time of our method compared to Simplicits,
and the improvement of our method in percentage.

(Pull Sides)

(Pull Farthest)

FEM Simplicits Ours FEM Simplicits Ours
Thingi10K (Fix Side)

Simready

Figure 6. Comparison on Thingi10k and Simready dataset. In “Thingi10K (Fix Side)”, the leftmost sides of the objects are fixed. In “Pull
Sides” and “Pull Farthest”, black arrows around the FEM results in grey visualize the locations and directions of applied moving boundary
conditions, and we overlay FEM results on top of the results from Simplicits in green and our method in blue, along with zoom-in views to
highlight the discrepancy from the converged FEM solution. See Table 2 and the attached video for the increased fidelity of our simulations.

age training time of our method, including the computa-367
tion of Hessian matrix and mass matrix followed by eigen-368
decomposition in Eq. (15), with Simplicits. Our method369

achieves consistently better simulation accuracy than Sim- 370
plicits, and achieves around 40x faster training speed than 371
Simplicits, thanks to our eigenanalysis formulation. 372
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Loss type Sampling Drop Twist Time (s)

Simplicits (Random) 1.53e-3 1.30e-3 114.28

Random z Random 1.58e-2 2.50e-2 160.12
Random z Grid 1.24e-2 7.29e-3 412.38

Hessian Random 4.86e-3 5.07e-4 103.66
Hessian Grid 4.45e-4 3.49e-5 145.96

Ours (Grid) 4.10e-4 3.46e-5 3.93

Table 3. Ablation results on different training strategy. We com-
pare variants of our method trained using different loss functions
and integration point sampling methods. We also highlight the ef-
ficiency of our eigenanalysis formulation over gradient-based op-
timization in terms of training time.

Ablation study on training. We conduct ablation studies373
on differences in training strategy between our method and374
Simplicits to justify our design choices. We use the stan-375
dard beam test in Table 1, where all competing methods are376
allowed m = 16 affine transformations, and use the RKPM377
discretization except the original Simplicits method. All378
models, except ours, are trained using iterative optimization379
for the same number of iterations. The results are reported380
in Table 3.381

Besides using neural field or RKPM, two other key dif-382
ferences between Simplicts and our method are the loss383
variants and point sampling method for training. We first384
compare the expected elastic energy over randomly sampled385
transformations used in Simplicits in Eq. (4) with the Hes-386
sian approximation in Eq. (15) in our method. The results387
show that the Hessian loss achieves a better simulation ac-388
curacy for RKPM parameterization. Second, for the Monte389
Carlo integration of elastic energy in Eq. (4) and (12), we390
compare the strategy of sampling random points in differ-391
ent iterations, as in Simplicits, with using the same points392
sampled from a uniform grid, as in our method. The results393
show that our uniform grid sampling strategy performs bet-394
ter given sufficient grid resolution.395

Lastly, our method has almost the same formulation as396
the “Hessian - Grid” baseline in the table, only except that397
the baseline uses a gradient-based iterative optimization of398
loss terms like Eq. (3), whereas our method solves a gen-399
eralized eigenvalue problem using highly efficient linear al-400
gebra routines. As a result, these two variants are on par401
in accuracy, while our method uses a significantly lower402
training time. In addition, the optimization in Eq. (3) im-403
poses orthogonality as a soft penalty constraint, whereas the404
output skinning weights W from eigen-decomposition sat-405
isfy exact orthogonality (up to numerical precision). This is406
beneficial to the numerical condition of the system Hessian407
during simulation (Eq. 2).408

Test Sampling Simplicits Ours

Drop Grid 1.53e-3 4.10e-4
Random 3.69e-3 9.42e-4

Twist Grid 1.30e-4 3.46e-6
Random 3.88e-4 1.14e-5

Table 4. Ablation studies on sampling method of integration points
in simulation stage. We test with 5k integration points sampled
from a uniform grid or random uniform distribution.

Ablation study on test-time sampling. Simplicits ran- 409
domly samples integration points inside the object domain 410
in different training iterations, while our method computes 411
the elastic energy on a limited set of sample points due to the 412
eigen-decomposition. As a result, one may wonder whether 413
our simulation result is more sensitive to different integra- 414
tion samples at test time. In Table 4, we show a comparison 415
of our method and Simplicits using 5k points from a uni- 416
form grid vs. randomly sampled points. It turns out that 417
although both Simplicits and our method both show vari- 418
ation in accuracy due to sampling differences, our method 419
still achieves lower error in both cases. 420

Qualitative results. We demonstrate qualitative simula- 421
tion results of our method in several different scenarios Fig- 422
ure 1. We first show a set of 3DGS objects dropped on a ta- 423
ble individually, and then two large-scale simulation scenes, 424
where 13 different splats being dropped in a container and 425
18 gaussian splat dog toys falling through a plinko machine, 426
respectively. We also show an application of simulating a 427
robot arm interacting with several 3DGS objects. Our re- 428
sults are best viewed in videos, and please refer to our sup- 429
plementary materials for more results and detail. 430

5. Limitation and Future Work 431

Although the explicit RKPM discretization offers clear ad- 432
vantages over implicit neural bases, it also has several lim- 433
itations. Some are shared with all reduced representations, 434
while others are specific to RKPM. As a reduced-order 435
model, high-frequency details such as wrinkles are difficult 436
to capture because the global basis represents smooth, low- 437
frequency deformation. Large nonlinear effects, including 438
sharp contact, are likewise challenging since the basis is 439
smooth and derived from a linearization around the rest 440
state. As with most reduced models, we do not model topol- 441
ogy changes such as fracture by default. Finally, RKPM de- 442
pends on kernel radius, sampling density, and particle dis- 443
tribution, which requires careful implementation to ensure 444
basis quality. These limitations suggest several promising 445
directions for future work. 446
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FreeForm: Reduced-Order Deformable Simulation
from Particle-Based Skinning Eigenmodes

Supplementary Material

6. Further Discussion on MPM and SPH643

As mentioned in Sec. 2, many particle-based physics sim-644
ulation methods have been proposed. MPM and SPH are645
particularly attractive, as they can handle a wide variety of646
material models, including plasticity effects, topology and647
phase changes, and, as is our focus here, elastodynamics.648

However, this versatility regarding topology changes is649
also what makes MPM and SPH sensitive to spatial dis-650
cretization, as the interaction stencils change over time. For651
MPM, two particles will interact if and only if they share a652
least one common grid node; for SPH, if only if the sup-653
port of their kernels overlap. Inevitably, as the material654
is increasingly stretched, particles will eventually get fur-655
ther apart than this critical distance, and numerical fracture656
will happen, as illustrated in Figure 7. For SPH, particles657
becoming locally co-dimensional can also lead to numeri-658
cal conditioning issues, with the velocity gradient becoming659
singular and requiring special care [41]. For MPM elastic660
bodies, deformation gradient estimation can be made more661
robust by leveraging a rest pose mesh [20], or even by ras-662
terizing forces from a Lagrangian model [14], when such663
a representation is available. However, integration accuracy664
will still suffer when the number of particles per cell is not665
sufficient, while a too coarse grid will exhibit locking; this666
makes picking the grid resolution difficult for uneven parti-667
cle distributions.668

The same sampling criteria apply to our RKPM kernel669
centers; however, our method only needs to worry about the670
rest pose, for which it is easier to control the sample dis-671
tribution and kernel width, while MPM and SPH need to672
have the particles remain well distributed at each timestep.673
Resampling particles over time can avoid those issues [46];674
however, this is not really practical when simulating a pre-675
defined number of Gaussian splats, for instance.676

Moreover, while so-called implicit variants of MPM677
and SPH have been proposed, most still treat advec-678
tion as an explicit step and are therefore subject to the679
Courant–Friedrichs–Lewy (CFL) condition. In contrast, our680
total-Lagrangian approach, with shape functions remaining681
fixed over time and implicit time stepping, does not have a682
constraint on the size of time step.683

7. Implementation Details684

7.1. Our Method685

In this section, we provide implementation details with re-686
gard to our proposed method.687

grid size = 100 grid size = 200

grid size = 25grid size = 25 grid size = 50

Figure 7. The Material Point Method (MPM) is versatile, but
presents challenges for deformable body simulation due to the oc-
currence of unintended numerical fracture depending on the grid
resolution (shown in top-left corner).

RKPM construction. Given an input object, our method 688
first constructs a set of RKPM kernels around the object 689
shape. We start by dense sampling integration points around 690
the object. Unless otherwise stated, we sample points on a 691
uniform grid inside the object bounding box, and then re- 692
ject points outside the object for shapes with well-defined 693
an inside/outside test functions, e.g., a watertight mesh. For 694
shapes where the inside/outside test cannot be easily ap- 695
plied, e.g. 3DGS, we directly use the given points as in- 696
tegration points (after downsampling if necessary to avoid 697
out-of-memory error). 698

With the integration points determined, we then apply 699
Farthest Point Sampling (FPS) to select around 1k points 700
as RKPM kernel centers to ensure that kernels are equidis- 701
tantly distributed. We set each Gaussian kernel radius r to 702
be the minimal distance to reach two other centers, so that 703
the space around the kernels is well-covered by RKPM. 704

Eigenanalysis. After RKPM kernels are constructed, we 705
assemble the Hessian matrix Hw according to Prop. 1 and 706
M according to Eq. (14). We perform generalized eigen- 707
decomposition using torch.lobpcg1 on CUDA in dou- 708
ble precision. We take the eigenvectors associated with m 709
smallest eigenvalues (excluding the constant mode associ- 710

1Pytorch document https://docs.pytorch.org/docs/
stable/generated/torch.lobpcg.html
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ated with zero eigenvalue) as the nodal values for our skin-711
ning weight estimation. In the main text, we always report712
timing for eigenanalysis with m = 32.713

Simulation. Once the skinning weights are determined,714
we run simulation of deformable objects in the same ap-715
proach as Simplicits [31]. Our implementation is built716
on top of the open-source Kaolin2 library based on the717
Warp language and PyTorch, and we further boost the run-718
time performance with more efficient kernel launching via719
CUDA graph captured in Warp and PyTorch while main-720
taining the same simulation results. In the paper, we test721
both our method and Simplicits with the same enhanced im-722
plementation for fairness.723

We use Newton’s method with line search based on724
Wolfe conditions to solve implicit time-stepping in Eq. (2),725
allowing up to 20 updates per time step with a convergence726
tolerance of 10−8. To solve the linear system in Newton’s727
method, we use the direct solver implemented in PyTorch3.728

7.2. Baseline Methods729

Simplicits. We use the recommended implementation in730
Kaolin. The neural field for skinning weights is a 6-layer731
MLP (excluding the input and output layers) of layer width732
64, trained for 10k iterations using the Adam optimizer,733
with a learning rate of 10−3. The elasticity and orthogo-734
nality loss weights are set to 0.1 and 106, respectively. At735
run time, we adopt the same simulation implementation as736
our method for Simplicits.737

MPM and SPH. For MPM, we use the GPU-based warp-738
mpm4 implementation. For the standard beam test, we use739
dt = 10−4s, whereas dt = 10−3s leads to numerical explo-740
sion. For SPH, we use the elasticity model in Kugelstadt741
et al. [23] implemented in SPlisHSPlasH5, and dt = 0.01s742
for the beam test.743

Finite Element Methods. Finite Element Methods are744
widely adopted and regarded as the standard approach for745
simulating elasticity. In this work, we use converged FEM746
simulation results as the gold standard reference for evalu-747
ating various methods. Our full-DoF FEM simulation is im-748
plemented based on warp.fem6. The simulation uses the749
same Neo-Hookean elasticity model in Eq. (16) on tetrahe-750
dral meshes. The solver adopts the backward Euler method751
for implicit time stepping, solved by Newton’s method.752

2https://github.com/NVIDIAGameWorks/kaolin
3https : / / docs . pytorch . org / docs / stable /

generated/torch.linalg.solve.html
4https://github.com/zeshunzong/warp-mpm/
5https://github.com/InteractiveComputerGraphics/

SPlisHSPlasH
6https://nvidia.github.io/warp/modules/fem.html

m Simplicits Ours FEM MPM SPH

6 5.01 3.01

427.2 23.1 37.89 3.95 3.71
16 5.09 5.42
32 10.0 10.7

Table 5. Comparison of runtime in milliseconds (ms) for a simula-
tion step of dt = 0.01s on average. The timing results are reported
for the beam-bending experiment.

7.3. Runtime Comparison 753

We report the time used to simulate a period of 0.01s in the 754
beam-bending experiment by various methods in Table 5. 755
Our method and Simplicits adopt the same solver and there- 756
fore reach similar runtime performance. FEM is a full-DoF 757
simulation that yields accurate results but takes orders of 758
magnitude longer to run. MPM and SPH also achieve com- 759
petitive runtime performance, but are still slower than our 760
reduced-order formulation (and are subject to other limita- 761
tions as discussed in Sec. 6). 762

8. Proof of Proposition 1 763

In this section, we provide a proof of Proposition 1. Con- 764
sider the deformation map Φ(X,d) = u(X,d)+X, where 765
the displacement u(X,d) is parameterized by RKPM in 766
Eq. (6) and the DoFs are the nodal displacements d = 767
{dk ∈ R3}Kk=1 = {(dx

k,d
y
k,d

z
k)

T }Kk=1. 768

Φ(X,d) =



Φx(X,d)
Φy(X,d)
Φz(X,d)




=

K∑

k=1

ϕk(X)dk +X,

(18) 769

The deformation gradient F(X,d) ∈ R3×3 is the spatial 770
derivative of Φ at each point X ∈ Ω, given by 771

F(X,d) = ∇Φ(X,d) =



∇Φx(X,d)T

∇Φy(X,d)T

∇Φz(X,d)T




=

K∑

k=1

dk∇ϕk(X)T + I

=

dT∈R3×K

︷ ︸︸ ︷[
d1 . . . dK

]

∇ϕ(X)∈RK×3

︷ ︸︸ ︷

∇ϕ1(X)T

...
∇ϕK(X)T


+I.

(19) 772
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where∇ denotes the derivative with respect to the point X.773
With a slight abuse of notation, we write774

ϕ(X) =



ϕ1(X)
. . .

ϕK(X)


 ∈ RK ,

d =



dT
1
...

dT
K


 =

[
dx,dy,dz

]
∈ RK×3,

(20)775

where dx,dy,dz ∈ RK are the nodal displacements in the776
x, y, z directions, respectively. Then we have777

F(X,d) =



F11 F12 F13

F21 F22 F23

F31 F32 F33




=



(dx)T

(dy)T

(dz)T


 [

∂xϕ(X) ∂yϕ(X) ∂zϕ(X)
]
+ I

= dT∇ϕ(X) + I,

(21)778

where ∂xϕ(X) =
[
∂ϕ1(X)/∂x . . . ∂ϕK(X)/∂x

]T
,779

and similarly for ∂yϕ(X) and ∂zϕ(X).780
Apply the strain energy density and integrate over the do-781

main Ω by the Monte Carlo method, we get the total elastic782
potential energy as783

Epot(d) =

∫

Ω

Ψ(F(X,d))dX ≈
∑

i

viΨ(F(Xi,d)),

(22)784
where Xi is the i-th sample point, and vi is the weight of785
the i-th sample point. Then its weight-space Hessian matrix786

Hw = Hxx +Hyy +Hzz (23)787

contains the Hessian of Epot with respect to the nodal dis-788
placements dx,dy,dz around the rest position d = 0, re-789
spectively. Take Hxx as an example, and denote Hess(·, ·)790
as the Hessian of the first argument with respect to the sec-791
ond argument.792

Hxx = Hess(Epot,d
x) = Hess(

∑

i

viΨ(Fi),d
x)

=
∑

i

vi Hess(Ψ(Fi),d
x),

(24)793

where Fi = F(Xi,d) is a shorthand for the deformation794
gradient at the i-th sample point. Notice that F is an affine795
transformation of d, so the chain rule for Hessian matrix796
gives797

Hess(Ψ(Fi),d
x) = JT

i Hess(Ψ(Fi),Fi)Ji, (25)798

where Ji is the Jacobian matrix of vec(Fi) with respect799
to dx around d = 0 and Hess(Ψ(Fi),Fi) is the Hes-800
sian of strain energy density with respect to the flattened801

vec(Fi) ∈ R9 around Fi = I. For the Neo-Hookean en- 802
ergy in Eq. (16), we have the gradient 803

grad(Ψ(Fi),Fi) = µFi + (λ+ µ)(J − γ)JF−T
i ,

J = det(Fi)
(26) 804

and the Hessian 805

Hess(Ψ(Fi),Fi) = µI

+(λ+ µ)(2J − γ) vec(JF−T
i )T vec(F−T

i )

−(λ+ µ)(J − γ)J(F−1
i ⊗ F−T

i )K,

K =




1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 1 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1




.

(27) 806

where ⊗ denotes the Kronecker product. When Fi = I, the 807
Hessian simplifies to 808

Hess(Ψ,Fi) = µI+ (λ+ µ)(2− γ)K1

−(λ+ µ)(1− γ)K,

K1 =




1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1




.
(28) 809

Here λ and µ are Lamé coefficients depending on the sam- 810
ple point Xi, which we omit for simplicity. On the other 811
hand, from Eq. (21) we know that 812

vec(Fi) =




F11

F12

F13

F21

F22

F23

F31

F32

F33




=




∂xϕ(Xi)
Tdx + 1

∂yϕ(Xi)
Tdx

∂zϕ(Xi)
Tdx

∂xϕ(Xi)
Tdy

∂yϕ(Xi)
Tdy + 1

∂zϕ(Xi)
Tdy

∂xϕ(Xi)
Tdz

∂yϕ(Xi)
Tdz

∂zϕ(Xi)
Tdz + 1




. (29) 813
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Thus the Jacobian matrix Ji is given by814

Ji =
∂ vec(Fi)

∂dx
=




∂xϕ(Xi)
T

∂yϕ(Xi)
T

∂zϕ(Xi)
T

0
0
0
0
0
0




∈ R9×K . (30)815

Substituting Eq. (28) and Eq. (30) into Eq. (24), we get816

Hess(Ψ(Fi),d
x) = µ

∑

s=x,y,z

∂sϕ(Xi)∂sϕ(Xi)
T

+(λ+ µ)(2− γ)∂xϕ(Xi)∂xϕ(Xi)
T

+(λ+ µ)(γ − 1)∂xϕ(Xi)∂xϕ(Xi)
T

(31)817

With λ = 1 + µ/(λ+ µ), we have818

Hess(Ψ(Fi),d
x) = (λ+ 2µ)∂xϕ(Xi)∂xϕ(Xi)

T

+µ∂yϕ(Xi)∂yϕ(Xi)
T + µ∂zϕ(Xi)∂zϕ(Xi)

T .
(32)819

Similarly,820

Hess(Ψ(Fi),d
y) = (λ+ 2µ)∂yϕ(Xi)∂yϕ(Xi)

T

+µ∂xϕ(Xi)∂xϕ(Xi)
T + µ∂zϕ(Xi)∂zϕ(Xi)

T ,

Hess(Ψ(Fi),d
z) = (λ+ 2µ)∂zϕ(Xi)∂zϕ(Xi)

T

+µ∂xϕ(Xi)∂xϕ(Xi)
T + µ∂yϕ(Xi)∂yϕ(Xi)

T .

(33)821

In conclusion,822

Hw = Hxx +Hyy +Hzz

=
∑

i

∑

s=x,y,z

vi Hess(Ψ(Fi),d
s)

=
∑

i

∑

s=x,y,z

vi(λ+ 4µ)∂sϕ(Xi)∂sϕ(Xi)
T

=
∑

i

vi(λ+ 4µ)∇ϕ(Xi)∇ϕ(Xi)
T

≈
∫

Ω

(λ(X) + 4µ(X))∇ϕ(X)∇ϕ(X)T dX,

(34)823

The (i, j)-th element of Hw is824

(Hw)ij =

∫

Ω

(λ(X) + 4µ(X))∇ϕi(X)T∇ϕj(X)dX.

(35)825
This completes the proof of Proposition 1.826
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